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Using the Fourier components of the velocity potential at the surface in an iterative
perturbation theory, the author derives expressions for the modal frequency shifts
and modal decay rates in a spectrum of inviscid gravity—capillary surface waves. The
expresgions differ from those calculated by the perturbation methods of Hasselmann
(1962) and Valenzuela & Laing (1972), which are based on expanding the velocity
potential about the equilibrium fluid level z = 0. This difference is shown to be due to
the failure of the z = 0 perturbation method to converge rapidly enough to produce
lowest-order corrections that are smaller than unperturbed quantities. A physical
explanation for this failure is given.

1. Introduction

Hasselmann (1962) and Valenzuela & Laing (1972) have used perturbation theory
to derive expressions for the modal decay rates in a spectrum of gravity waves and
gravity—capillary waves, respectively. These derivations are based on retaining the
first few terms in an expansion of the fluid-velocity potential about the equilibrium
fluid level z = 0. This expansion is equivalent to approximating e*7, where k is the
wavenumber of a surface wave and 7 is the height of the surface above z = 0, by the
first few terms in a Taylor series about 5 = 0:

€1 ~ 1 4 kg + 3iPn? + 3h3y% + Skt (1.1)

Such an approximation is useful if k7 is not too large. In the case of a spectrum of waves
the condition for the accuracy of (1.1) becomes¥

(%) < 1, (1.2)

which was explicitly recognized by Phillips (1960) as limiting the validity of his
analysis of nonlinear interactions among a quartet of discrete gravity wave modes. If
the mean value {32} is calculated for wind-driven gravity waves in equilibrium, we
obtain (Phillips 1969, chap. 4)

X ®) = FB(Ug)". (1.3)
In this equation B & 4-6 x 1073, U = wind speed and g = 9-8 m/s?. For a 1m gravity
wave and a 30knot wind, we have from (1.3)

() = 26-9, (1.4)

t Since the probability distribution of 7 is, to lowest order, Gaussian, it follows that the
mean value {(exp (k7)) = exp [$k2(%?)], and exp [1] is well approximated by the first four terms
of its Taylor series.
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738 D. Holliday

which violates (1.2). Furthermore, if k is the wavenumber of a capillary wave, the
quantity $k%(y*) can easily be greater than 1000,

The examples above suggest that perturbation methods based on the z = 0 expan-
sion of the velocity potential may not converge rapidly enough to produce lowest-order
quantities that are small deviations from unperturbed quantities. To determine the
validity of this conjecture we need to calculate, using the z = 0 method, some quantity
that has a non-zero unperturbed value. The modal decay rate will not do, for its value
is zero in the unperturbed linear case. An appropriate quantity appears to be the
modal frequency, which for gravity-capillary waves has an unperturbed value
wo(k) = (gk + Tk?)}, where T is the surface tension per unit density.

In this paper expressions for both the modal frequency shift and the modal decay
rate will be calculated by two different perturbation methods: the z = 0 expansion
method of Hasselmann (1962) and Valenzuela & Laing (1972) and a method that uses
the Fourier components of the velocity potential evaluated on the fluid surface
z = 5(,y,t). Section 2 of the paper contains a review of the modal equations and a
derivation of a relationship between the z = 0 and 2z = y(z, y, ¢) perturbation methods.
In § 3, the modal equations are solved by iteration. Section 4 contains the final steps
leading to the derivation of both z = 0 and z = 5 expressions for the modal frequency
shifts and modal decay rates. A comparison of the z = 0 and z = 7 methods is made in
§5.

2. Basic modal equations

The velocity potential ¢(z,y,z,t) and surface deformation z = #(z,y,t) describing
inviscid wave motion of an infinitely deep fluid obey the equations (Landau &
Lifshitz 1959, chaps. I and VIII)

d¢oz = Dy|Dt, (2.1)
aplot+3(Vo)2 = —gnp+ TV .s, (2.2)
Vg = 0, (2.3)

where the derivatives of ¢(x,y,z,t) in (2.1) and (2.2) are evaluated at

z = n(x,y,t), (2.4)
and

s = [1+(V7)2] - Vp; (2.5)

g is the gravitational acceleration, 7 is the surface tension and, for convenience, the
density is set equal to one. The equilibrium level of the fluid isz = 0.
Both y(z. y,t) and ¢(z, y, 2,t) can be expanded in modes with ¢ satisfying (2.3):

Wt = (7 ) SR e (26)

dw.0.2.0 = () Tut e, @7)

where
k = (2n/L)n; (2.8)
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n is the two-dimensional number vector whose components are positive and negative
integers and r is the two-dimensional horizontal position vector; the orthogonality
relation with this box normalization ist

3L L .
f d f dy el = 28, (2.9)
-iL -iL
where
1 if k=1,
3kr'={o if k;él.} (2.10)

Substituting (2.6) and (2.7) into (2.1) and (2.2) and following Hasselmann (1962) and
Valenzuela & Laing (1972) by expanding ¢*?in (2.7) about z = 0, we obtain

dBy(t)/dt — kA (t) = T(t), (2.11)
where

0= (F) S e Bru i ol i ) 8

(—g 2 Ay, By, By, ]Zkl) Cy(k,, k,, k;; N) 6@ 4 higher-order terms, (2.12)

dA,(0)]dt + kwy(k)2By(t) = Ay(t), (2.13)

and

where
wo(k)? = gk +Tk? (2.14)

and

g7_r

At = (F

) % B, B, 28 0k, ey ) 00

27 w,,(k) ky ks A
(L ) EAklAkz k (Do(k )‘Do(kz) 03(k1’ kz: N)a

+ (%) B, B By, 20l e s )89
2

wy(k) ky ky . 3)
+ () Sy 0, B D B Gl e ki )
+ higher-order terms; (2.15)
the sums are over the subscripted wavenumbers and

@ = 3kk +ky? 09 = 31(1: 1 +kg+kg

Expressions for C,(k,, k), Ok, k,), Csy(ky, k,), Cyky, Ky, k3), Ci(ky, Ky, k3), and
Cy(Kky, ky, kj) are given in appendix A.

Equations (2.11)~(2.15) are equivalent to equations (2.12) and (2.13) in Valenzuela
& Laing (1972) except for what appears to be a typographical error in their paper. This
apparent error is discussed in appendix B.

Instead of using the velocity-potential coefficient 4,(¢) defined by (2.7), we can use
the coefficient 4,(t) defined by

P,y 2 = q(x,y,t),1) = (2’2?) % “Ik(t) eter, (2.16)

1 Box normalization is convenient in many problems involving interacting waves. Its most
common use in theoretical physics is in quantum mechanics [see, for example, Schiff 1955,
pp. 49-50). L is a large length, eventually to be taken infinite.
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The relationship between A,(f) and A4,(t) is found by setting z = y(x, y,¢) in (2.7),
expanding about z = 0 and using (2.6):

Ay = 440+ (T) Sl A0 By 009

+ (%’?)2 3 3k§ Ay, (8) By () By (£) 69+ ..., (2.17)

which can be iterated to give

A = 40 - () S A ) By )5

2
+ (?g) 3 [y [ Ky + ko| — 3431 Ay (¢) By, () By (£) 6@+ ... (2.18)
Substituting (2.18) into (2.11)-(2.15), we obtain equations that are identical in form
except that 4, is replaced by A, and C,, C,, C;, etc., are replaced by different functions
C,, C,, Gy, ete., which are also given in appendix A. In the case T = 0, the new equations
for A, and B, are equivalent to equations (11), (15) and (16) of Watson & West (1975)
except that these authors have additional terms 7}, and 7, which represent the effects
of wind and slowly varying surface currents. Apparently regarding their use of the
Fourier components of the potential at the surface as a convenience, Watson & West
(1975) state that their equations, except for the terms 7, and 7, are equivalent to
Hasselmann’s (1962) equations, despite the fact that the coefficients 01, 02, etc., are
functionally different from C,, C,, etc. As we shall see in § 5, where we compare the
solution for 4, and B, with the solution for A, and B,, this assertion is not correct.

In the analysis to follow we shall solve (2.11)-(2.15) by an iterative perturbation
technique. Since the forms of the equations for the two pairs (4,, By) and (4,, B,) are
identical except for the coefficients C}, C,, etc., the solution for the pair (dy, By) is
determined by substituting C, for C,, G, for C,, ete, in the solution for the pair (4, By).

3. Iterative solution of the modal equations
By introducing a new quantity

() = § | Bul +i g Autt (3.1)
so that 0
By = £, +£% (3.2)
and
4y =i 20 pr,, (33)

we can combine (2.11) and (2.13) into the first-order differential equation

dgy/dt +iwy(k) &g = Fy, (3-4)
where
.k
Fy = %[Fk‘HmAk]- (3.5)

Equation (3.4) can be rewritten as

G0 =600+ [ Gal-ri RO, (3.6
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where
k) = Jim 7 SXRLZWD g,
GR(t’k) - 7T¢7]—1>I;1+J‘—m (L),—'(L)O(k)‘i"lol' (3‘7)
£0(t) is the homogeneous (F, = 0) solution to (3.4):
EL(8) = ryexp [i05(t)] exp (ip), (3.8)
where
6) = — wolk)t (3.9)

and g, is a time-independent phase.
A solution to (3.6) can be found by iteration. We expand £,(¢) in a series of functions
£™(t) which are of nth order in the unperturbed amplitude 79:

&) = EPO+EO +E0) + ... (3.10)
The function £&(t) is given by
ER(¢) = f+wGR(t—t';k)F(k2)(t')dt', (3.11)

where F{? is found by substituting (3.10) into the expression for K, and keeping terms
of second order. Performing the integration in (3.11), we obtain

5200 = lim () 5160 600 Dk, )+ E091 603 Ml o)+ D £
o—0+
x My(ky, Ky) + ER* ED M, (k,, k,)] 0@, (3.12)

Expressions for M, (k,, k,), My(k,, k,), My(k,, k,) and M,(k,, k,) are given in appendix
A. While further iterations could produce expressions for £, £, etc., they will not
be required in this paper.

For certain combinations of discrete modes the frequency denominators in (3.12)
may become zero. If these combinations are present, (3.12) has infinite terms, and the
iterative perturbation method we have employed fails to approximate £ (t). In this
situation, a solution of (3.4) can, in principle, be found by solving a set of coupled
amplitude and phase equations for the relevant modes (Hsu 1963). Benney (1962)
and McGoldrick (1965) have investigated examples of such equations. In the case of
a continuous spectrum of modes, which will be discussed in §4, the singularities are
integrable and do not appear in any observable quantities.

4. Frequency perturbations and modal decay rates for
gravity—capillary waves

If we let
Ex(t) = () exp [ — 6y (2)], (4.1)
where 7, (t) and 0,(¢) are real, then (3.4) implies that
doy(t) 1 "
F I %(k)_mlm [FL () &5 (0)] (4.2)
and
L ) - Re [0 &) (4.3)

n®) At GOP



742 D. Holliday

Since 0, (t) is the negative of the instantaneous phase of £,(t), its time derivative, which
is given by (4.2), is the instantaneous frequency of the kth mode. Equation (4.2)
shows that this instantaneous frequency differs from the unperturbed frequency
wy(k) by an amount

A(‘)k(t) 'g ' A im [Fk( )ﬂ‘(t)] (4-4)

that depends on the nonlinear term F(¢). The frequency perturbation Awy(t) implies
that the phase speed of the kth mode changes by an amount
Acy(t) = Awy(t)[k. (4.5)

Formulae for Ac,(t) have been calculated by Longuet-Higgins & Phillips (1962) for
three interacting gravity wave modes.
The lowest-order expression for Aw,(¢) that has a non-zero average is

Awd(t) = Im [F{P(t) §2*(8) + FP(8) 0% ()]s (4.6)

PP
FP(t) is found by substituting (3.10) into (2.12) and (2.15) and retaining only terms of
third order in the amplitudes £(¢).

The lowest-order expression for the instantaneous modal decay rate that has a
non-zero average is
1 dr(#)

(2) = ——— k =

A == W(8) dt {g“’ )|

The fact that the frequency perturbation Aw{?(t) and the decay rate AR(¢) are related
by being the imaginary and real parts, respectively, of the quantity F £5/|£,|% is a
well-known general property of systems of coupled modes (see, for example Gold-
berger & Watson 1964, chap. 8).

Since wind-driven ocean waves are stochastic in character (see, for example,
Phillips 1969, chap. 4) only mean values of variables are observationally significant.
From (4.6) and (4.7) we see that the mean values of Aw{?(¢) and AP(¢) depend on the
stochastic properties of the unperturbed amplitude £1(£). An assumption that appears
to fit the known properties of wind-driven ocean waves in equilibrium is that the
amplitudes 7 of the £(¢) are non-stochastic constants which depend on k and that
the random phases u, are statistically independent and uniformly distributed from 0
to 27 (Longuet-Higgins 1957; Cartwright 1962). It is a standard result (Rayleigh
1880; Chandrasekhar 1943) that these assumptions imply that the unperturbed
surface

, Re [F2(0) ED*(t) + F2() £0* (1)) (4.7)

10,0 = () SEPO + 0] (48)

is, in the limit L - 00, a Gaussian random process with a spectral density (k) related
to 7 by
v(k) = 2r{2, (4.9)

The probability distribution of the lowest-order wave height 7®(z, y,t) is then given
by the Gaussian distribution

PlyW(x,y,t)] = (2mo®)~dexp {—9M(z, y, t)*/20%}, (4.10)
o? = [dk y(k); (4.11)

where
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for wind-driven waves y(k) is the wind-wave spectrum. This result is supported by
measurements of surface displacement distributions (see Phillips 1969, § 4.10). Higher-
order corrections to the wave height y(x, y, f) will result in a slight deviation of its
probability distribution from the Gaussian distribution (4.10).

The stochastic assumptions discussed above lead to the mean values

(AwPd(t)y = — (r?) 2 Im (FP(8) EP*(¢) + FP(8) 0 () (4.12)
and
AP = = (1{0)* Re (FR(0) ED*(0) + PP E0*(0), (4.13)

where angle brackets denote an average over the random phases p,. Performing these
averages and taking the limit L — oo [recall that (27/L)? Z»fdk], we obtain after
k

some algebraic manipulations

2 _1 s S z
o) = [ [l —ie)

x{%ﬁ DV 0 ke ko) — YK,) 1@ Ky k) (K, — )

¥ (&)
— P(ky) 30y (K, Ky) Qylk, — k2>}
1 1
3 f dk’f Ak Skt k4 Ks) T T walley) F o)

k,) yr(k,)
 (FE R 40, ke, — e+ 1) 0~ T, — ) @K, — )

+P(Ky) 3Qa(~ Ky, — Ky) Qo — K, -—k2>}

+1fdk,fdk26‘(k+k1—k2) L

wo(kg) — wy(ky) — (k)

{z/,(kl/f(lz/: Qs(ke, — k)2 —Y(Kky) Qs(Ke, —Ky) Q1(Ky, K) +Yr(K,) @3(Ky, —Ky)

x Qa(ky, — k)} + Ag [or Ay, as the case may be], (4.14)

where P denotes a principal-value integral,

Ag = %fdkl Y(k,) {1 kwo(k) [1 +w°(k1)2] [k+k|+|k—ky|]

1
+20y(ky) k. k1+2w°1£k KKy | (KK, — k) — [k — k| (K, +Eky)

+2kk .k

( LRk R (ke x k1)2]} (4.15)

and
= 5[ 80 0 [ 8-+ 200 e T+ ol [+ e (28— e+ )

k2 k)
+3wo(k) [[k+ k| (k— |k +k|)+ |k -k (k"‘ |k —k|)]

;wcg‘()(;k[2k K+ Ky | — [k—Ky|]— T —— [3k2 k2~ (kxkl)z]}_ (4.16)

(k)
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Similarly,

() = 3 [ e, [ty 81—y ~ k) B~ will) — el

k k
x {w——“——( ,;();f)( 2 3Q.(k,, k,)2 — (k) 3@ (K, Ky) Qa(k, —ky)

— (ky) Q4 (ky, Ky) Qg ks, — k2>}

+5 [ i, [ e, 80+, - k) 80) + i) = )]

k k
8 {w(_l/’l%%—(—z_) Qs(ky, — K, )2 — ¥r(k,) @s(ke, —ky) €1(K;, K)

+9(ky) Qa(kyy — ky) Qy(ks, —k)}. (4.17)

Here the function (k) is the unperturbed wave spectrum. The use of Ap or Ap
depends on which of the pairs of solutions (4, B) and (4, By)isinvolved. Expressions
for @,(k,, k,), @.(k,, k,) and @,(K,, k,) are given in appendix A.

For a spectrum of waves, (4.14)—(4.16) give the lowest-order frequency perturbation
due to the nonlinear terms in the equations of inviscid fluid dynamics. The mean
phase-velocity perturbation (Aw@®(t))/k is the spectral analogue of the quantity given
in equation (2.11) in Longuet-Higgins & Phillips (1962).

Equation (4.17) gives the lowest-order modal decay rate due to nonlinear inter-
actions in a gravity—capillary wave spectrum. For the z = 0 pair (4, By), it implies
the same energy transfer rate as that calculated by Valenzuela & Laing (1972) after
a correction has been made for what appears to be a typographical error in their
paper.t For gravity waves alone (T = 0), (4.17) gives (A®(t)) = 0 since the Dirac
delta-functions in the integrands cannot be satisfied. This result is well known (Phillips
1960).

5. Comparison of the z =0 and z = » methods

Although both the z = 0 perturbation method for (4, By) and the z = 7 perturbation
method for (4,, B,) may produce, for the same observable quantity, series expansions
that eventually converge to the same value, their utility is determined by how rapidly
these expansions converge. A crude criterion for rapid convergence is

[<AwP())/wg(k)| < 1, (5.1)

which implies that the lowest-order corrections to the unperturbed motion are small
deviations from the unperturbed motion. If (5.1) does not hold, the lowest-order
corrections are not meaningful, and higher-order corrections must be calculated until
the perturbation expansion begins to converge.

When (k) is Phillips’ (1969, chap. 4) spectral function

(Bfmk—, k.U>0, g/U?*<k< (Q/T)’},} (5.2)

yik) = {0, otherwise,

1 See appendix B.
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where U is the wind velocity vector and B = 4-6 x 10-3, we can obtain estimates of
(AP (t))]wy(k) for gravity waves [T = 0, wy(k) = (gk)}] and for k.U = kU and
k> g/U%

(Awff’(t)}N B4 (kU?
wolk) — m 3(

3
7) from the z = 0 method (5.3)

and

(AP(t)) _B16 (RUN _ .
ol) 73\ g from the z = % method. (5.4)

If the wind speed is about 30 knots, so that g/U? = 4x 10~*cm~1, then the above
formulae give for k = 0-4cm™!

(2)
<Awk (t)> ~ —61-7 from the z = 0 method (55)
wo(k)
and
(2)
Aw?(t)) ~ +0-247 from the z =  method. (5.6)
wy(k)

This comparison shows that the 2z = 0 perturbation method for 4; and By violates
(5.1) by a large margin while the z = 9 method for 4y and B, satisfies (5.1). Equation
(5.5) implies that the Hasselmann (1962) perturbation method produces lowest-order
results which by themselves are meaningless.

Frieda R. Boyle has performed a numerical evaluation of [{Aw{P(t))/wy(k)],—, for
T = 0 using the spectrum (5.2) with g/U? = 4 x 10~*cm™1, which corresponds to a
30knot wind. Her results appear in table 1 along with values for this quantity cal-
culated from (5.3). Boyle’s evaluation shows that (5.1) is violated for k > 0-04 cm™!
and that the accuracy of (5.8) is poor when k is not considerably larger than g/U?2.
Values of [{Aw{®(t))/wo(k)),—o for & > 0-4 cm~! can be calculated from (5.3), but they
begin to be meaningless as k—>4 cm~! because surface tension becomes important.
Numerical evaluations of (4.14), (4.16) and (4.17) for T’ # 0 are planned.

The failure of the z = 0 perturbation method to satisfy (5.1) for the spectrum (5.2)
is basically due to an unfortunate choice for the unperturbed solution. The un-
perturbed velocity potential in the z = 0 method is

#0020 = () £ (=) 22 1EP0 - g e e, (5.7)

This unperturbed solution oscillates so rapidly on z = y(x, y,t), because of the factor
exp (kz), that the z = 0 perturbation method fails to converge quickly and produces
large lowest-order corrections. Since the unperturbed potential in the z = 3 perturba-
tion method satisfies a boundary condition on z = %(x, y,t) and not on z = 0, it does
not involve the factor exp (kz) and, consequently, does not oscillate rapidly for any
value of 2. Because of this well-behaved unperturbed potential, lowest-order cor-
rections calculated with the z = # perturbation method are small.

A physical reason for the success of the z = 7 perturbation method and for the
failure of the z = 0 perturbation method can be seen by recognizing that most wave
spectra, such as the Phillips spectrum (5.2), describe a situation in which the small
amplitude, high wavenumber waves literally ride on the large amplitude, low wave-
number waves. Consequently, the velocity potential of the high wavenumber waves
should be defined relative to the surface created by the low wavenumber waves.
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AR (#))[we(k) ;o

—A

' R}
k (cm~—1) Numerical evaluation Equation (5.3)
0-0004 —1:75x1024+29% —0-2x10-2
0-004 —-1-00x 1024+19% —6-2x 102
0-04 —1-52 +19, - 195
0-4 ~587Tx 10 +19, —6-17 x 10

TaBLE 1. Values of [(Aw@®(t))[wy(k)],.o for the spectrum (5.2) with ¢g/U? = 4 x 10~*em~! and
k.U = kU. The upper integration limit for k is (g/T)%.

This is accomplished by using A4y, which is the Fourier component of the potential
defined on the surface z = 9. Using the values of the potential on z = 0 to define the
Fourier component of the potential of the high wavenumber waves makes little
physical sense because the high wavenumber waves ride on a surface that, most of the
time, is many of their wavelengths away from z = 0.

The above considerations imply that the z = % perturbation method should be
used for analysing nonlinear interactions in a spectrum of surface waves. The z = 0
perturbation method developed by Hasselmann (1962) and used by Valenzuela &
Laing (1972) simply converges too slowly to give meaningful lowest-order results over
the spectrum of wind-driven waves in equilibrium.

The author of this paper is grateful to Frieda R. Boyle for performing the numerical
evaluations presented in table 1 and to Delores M. Stimbert for typing the manuseript.
He acknowledges with appreciation the analytical advice given to him by Frieda R.
Boyle, Dr Edward J. Chapyak and Dr William J. Karzas.

Appendix A. Expressions for the C, K, M and @ functions
After some algebraic manipulations one can show that

. ,
Gk Koy = 200 i k4 1) (A1)
1
— ,kl + kZI 2

02(k1’ kZ) = m a)o(kl) , (A 2)

_ kit k| oh(ky) oglky) , _
Cule o) = ke A 0,k By, (A 3)
Cu(ky, ko, Ky) = wo(ky) (Ky - Ky + §43), (A 4)

[k + K, + Ky |

05(k17k2’ k3) = wo(‘k1+k2+k3l)

[_ wo(kl)zlkl + kz' + “)o(kl)2 %kl
+T{— 3k, .k,) k2 + (k, x k,) . (k, x Kq)}], (A 5)

[k, + Ko+ ky|  wp(ky) @g(ky)

06(k17k2’ k3) = wo(,k1+k2+k3l) k]_ k2

(ky - Ky — Ky ) (— 3|k, + K| +Ky)
(A 6)
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and
Oyl te) = 25 [l et Iy = [l + L
C~2(k1, k,)=0
— Ik1+k2| wo(ky) wo(ky)
63(1(1’ k2) - ﬂ)o()k1+k21) k1k2 "%(k k2+k k )’

64(k1k2’ k3) = wy(ky) [~ Ky . K3+ 3k (K Ik1+k2+k3‘

+ |k + k| (K + ko + k| — [k + k)],
1k, +k,+k
cs(kv ky, k;) = wol(llt:; 12(:_+ ls(Ll TI— 3k, . ko) K3+ (k; x ky) . (ky x Ky)],
k,+k,+k
it k) = B8l ) o) (= e+ 1,

The K functions are defined by

K, (ky, k,) = 3C(ky, k,) — 305(Ky, Ky) + 3C5(ky, k),
K,(k,, kp) = —301(ky, ;) — 3Co(ky, Ky) + 3C5(K;, Ky),
Ka(kv kz) = % 1(k17 k ) 102(k1, k2)—%03(k]’ kz)’
K4(k1’ kz) = % (kl’k ) %Cz(kp kz)—%oa(kl: kz)-
The M functions are defined by
K, (k. k,)
k ,k — 1\HR] 2 —,
Myl ka) = T T onlles) — wg() 10
K,(k,, k,)
k.. k.) = 217 M2 —,
Malks, Ka) = = 0l — g T
K, (k,, ky)
M k ,k — 3\™ 2 —,
oK) = ) = o) — 0B T i
K
Mk, k) = ally: 1o

= (k) + Wylkg) — (k) +i0”
in these definitions k = |k; + K,|. The @ functions are defined by

Ql(k]’ kz) = K1(k1’ kz) + Kl(kz’ k1)’
Qa(k;, kp) = Ky(ky, ky) + Kyp(ky, k),
Qa(ky, ko) = Ky(ky, ko) + Ky(ky, k).

[

Appendix B. Comparison of (4.17) with Valenzuela & Laing

From appendix A we obtain
iwo(kl) wy(ks)

— =+, +
Kl(kl’ k2) + Kl(kz’ kl) - kl kz wo(k)2 Dk;,ka’
_ _ 2 wo(kx) +, +
Ey(k, —ky) + Ko~k K) = i 25 D,
Lwylky) wo(k k
Ka(kz, _kl) + K4('_ kl’ kz) =1 0( ]lc)l kz( 2) wo(k)2 Dz ;z’
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(A 19)

(A 20)

(A 21)
(A 22)
(A 23)

(B 1)
(B2)

(B3)
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where k = k, + k, and wy(k) = wy(k;) + wy(k,), and

- _ cwolky) wlky) K
Ky(ky, — k) + Ky(—ky, Ky) = ¢ ke ky ook

‘Dh: :h’ (B 4)

. wo(ky) +, —
K (k,k)+K,(k k) =1 T, wolk) Doy, (B 5)
. wo(ky)

Ka(kzy - k) + K4( - ks k2) =

+, -
v kzwo(k) Dkl, —kq? (B 6)
where k = k, —k; and wy(k) = wy(k,) — wy(k,); in (B 1)~(B 6), Di £ is defined by

9 —
Dy, =

k k
2{(“’1‘*‘“’2) (ky ko — Ky . Kp) + 0 y(w; + wy) ( 2+ ! )

gr TR g+ TR
_ o | @e(ki+ Ky . Ky) | 0y (k+K, . Ky)
(g+Tk)[ 9+ T3 grri |0 BT

where w; = s, wy(k,), Wy = 8, w,(ky) and k = |5, K, + 8, K,).
If we use the expressions
F(k) = k7w (k) (k) (B 8)

K)/ot = — 2ktw, (k)2 (AP ¥ (k (B 9)

which follow from the definition of F(k) as the lowest-order energy density spectrum
[Valenzuela & Laing 1972, equation (3.3)], and substitute the expression for (A{?(¢))
given by (4.17) with the D functions replacing the K functions according to (B 1)-(B 6),
then we obtain equation (3.5) of Valenzuela & Laing (1972). Unfortunately, our
expression (B 7) is not the same as that derived by Valenzuela & Laing, who obtain
[below their (2.12)]

and

) k k
Dy = 3 {(“h + wy) (ky ke — Ky . Ky) + 0 0,y(0; + w,) (g n a’kﬁ + 7+ ;’k%)

o (K2 + Kk, k) w(kE+k, .kg:“
grTiE T gt |0 B0
The difference between (B 7) and (B 10) appears to be due to typographical errors in

Valenzuela & Laing’s paper. As a check on (B 7), we observe that for 7' = 0 it agrees
with Hasselmann [1962, equation (4.3)], who derives for an infinite bottom

—(g+Tk2)[

Dk, = i(w, + 0y) (b by — Ky . Ky). (B 11)
Equation (B 10) does not agree with (B 11) for T' = 0.
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